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Abstract 

Let [/^(sb)-" denote the Borel subalgebra of the quantum affine 
algebra Uq{sl2)- We show that the following hold for any choice of 
scalars Eq, Ei from the set {1,-1}. 

(i) Let F be a finite-dimensional irreducible C/g(5[2)-*'-module of 
type {eo, El). Then the action of J7g(s[2)-° on V extends uniquely 
to an action of [/^(sb) on V. The resulting J7g(5[2)-module struc- 
ture on V is irreducible and of type (eq, Ei). 

(ii) Let be a finite-dimensional irreducible ?7g(s[2)-module of type 
{eo,Ei). When the J7g(s[2)-action is restricted to J7g(s[2)-°, the 
resulting C/q(s[2)-°-module structure on V is irreducible and of 
type {eo,ei). 

^ — . 

1 The quantum affine algebra Vqi^zX'i) 

The affine Kac-Moody Lie algebra 3(2 has played an essential role in diverse 
areas of mathematics and physics. Elements of 5(2 can be represented as 
vertex operators, which are certain generating functions that appear in the 
dual resonance models of particle physics (see |15) and [Hj). The algebra SI2 
also features prominently in the study of Knizhnik-Zamolodchikov equations 
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and conformal field theory (see for example, |5] and Our main object 
of interest is a g-analogue of s[2, the quantum affine algebra C/g(s[2), which 
also has a representation by vertex operators "T and has many important 
connections with quantum field theory and symmetric functions, in partic- 
ular with Kostka-Foulkes polynomials f [nj). In this paper, we focus on 
the finite-dimensional irreducible modules of Uq{5l2). These modules have 
been classified up to isomorphism by V. Chari and A. Pressley p. Our aim 
here is to relate them to the finite-dimensional irreducible modules of the 
Borel subalgebra Uq{sl2)-^- 

Throughout the paper F will denote an algebraically closed field. We fix 
a nonzero scalar g G F that is not a root of unity and adopt the following 
notation: 

N = ^-^, n = 0,l,... (1.1) 

q-q-^ 

Definition 1.2 The quantum affine algebra {7g(sl2) is the unital associative 
¥-algebra with generators ef , Kf'^, i G {0, 1} which satisfy the following 
relations: 

K,K-^ = K-^K, = 1, (1.3) 
KoKi = KiKo, (1.4) 
K.efKr^ = q^'ef, (1.5) 
K.efKr^ = q^^ef, i ^ j, (1.6) 



Ki - R-^ 
q-q-^ 



(1.7) 



[e±,e^]=0, (1.8) 
(effef - meffefef + [3]efefieff - ef{eff = 0, i^ j. (1.9) 

We call ef, K^^, i G {0, 1} the Chevalley generators for Uq{sl2) and refer 
to H1.9|) as the q-Serre relations. We denote by Ug{5l2)-^ the subalgebra of 
Uq{sl2) generated by the elements ef , Kf^, i £ {0,1}. We cah Uq{5i2)-^ 
the Borel subalgebra of Uq{5l2), because of its similarity to the universal 
enveloping algebra of the standard Borel subalgebra of a finite-dimensional 
simple Lie algebra over the complex numbers. 

It is apparent from the definitions that in Uq{sl2) or Uq{5l2)-^, KqKi 
is central and so by Schur's Lemma must act as a scalar on any finite- 
dimensional irreducible module. Therefore, finite-dimensional irreducible 
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modules of the Borel subalgebra are closely related to the finite-dimensional 
irreducible modules of the following algebra. 



Definition 1.10 The algebra U- is the unital associative F-algebra with 
generators R, L, K^^, which satisfy the defining relations: 



Our first goal is to explain the exact relationship between the finite- 
dimensional irreducible C/g(sl2)-modules and the finite-dimensional irreducible 
[/-'^-modules. In order to state our results precisely, it is necessary to make 
a few comments. 

Let V denote a finite-dimensional irreducible C/q(s[2)-module. Then the 
actions of Kq and Ki on V are semisimple ^ Prop. 3.2]. Furthermore (also 
by Prop. 3.2]), there exists an integer d > and scalars eo,ei chosen 
from {1,-1} such that 

(i) the set of distinct eigenvalues of Kq on V is {eo^^* \ < i < d}; and 

(ii) KqKi — eoEiI vanishes on V. 

We call the ordered pair (eo,ei) the type of V. 

Now let V denote a finite-dimensional irreducible [/-''-module. As we 
will see in Section 2, the action of K on V is semisimple. Moreover, there 
exists an integer d > and a nonzero scalar a G ¥ such that the set of 
distinct eigenvalues of i^T on y is {aq^^~'^ | < i < d}. We refer to a as the 
type of V. 

Our main results concerning C/g(s[2) and [/-° are contained in the fol- 
lowing two theorems. 

Theorem 1.16 Let V denote a finite- dimensional irreducible U-^ -module 
of type a. Assume £o,£i are scalars in {1, —1}. Then there exists a unique 
Uq{sl2) -module structure on V such that the operators Cq—R, ef — L, K^^ — 
Eoa^^K^^, and — eia^^K^^ vanish on V. This Uq{5l2) -module struc- 
ture is irreducible and of type (eo,ei)- 



L^R - [2,\L^RL + [2,\LRL^ - RL^ = 0. 



R^L - [3]R^LR + [3]RLR^ - LR^ = 0, 



KK-^ = K^^K = 1, 
KRK-^ = q^R, 
KLK-^ = q-^L, 



(1.11) 
(1.12) 
(1.13) 
(1.14) 
(1.15) 



3 



Theorem 1.17 Let V be a finite- dimensional irreducible Uq{5l2) -module, 
and assume (eo,ei) is its type. Let a denote a nonzero scalar in F. Then 
there exists a unique U-^ -module structure on V such that the operators 
e+ - R, e+ - L, K^^ - eoa^^K^^, and K^^ - eia^'^K^'^ vanish on V. 
This U-^ -module structure is irreducible and of type a. 

Remark 1.18 Let a be a nonzero scalar in F, and let eo, ei denote scalars in 
{1, —1}. Combining Theorem 11.161 and Theorem II .171 we obtain a bijection 
between the following two sets: 

(i) the isomorphism classes of finite-dimensional irreducible [/-'^-modules 
of type a; 

(ii) the isomorphism classes of finite-dimensional irreducible C/g(sl2)-niodules 
of type (eo,ei)- 

Remark 1.19 As V. Chari and A. Pressley ^ have shown, each finite- 
dimensional irreducible C/|j(5[2)-module has a realization as a tensor product 
of evaluation modules. In our proofs below, we never have occasion to invoke 
this realization. In fact, our arguments are quite elementary and require 
only linear algebra. It follows from our work and the results of ^ that all 
of the finite-dimensional irreducible modules for U-^ and for Uq{5{2)-^ can 
be obtained from tensor products of evaluation modules of C/g(s[2). 

The plan for the paper is as follows. In Section 2, we state some pre- 
liminaries concerning C/g(5l2)-modules and [/-''-modules. Sections 3-11 are 
devoted to proving Theorem 11.161 In Section 12, we prove Theorem 11.171 
and in Section 13, we discuss irreducible modules for the Borel subalgebra 

The proof of Theorem ll.l6l is an adaptation of a construction which T. Ito 
and the second author used to get C/q(s[2)-actions from a certain type of tridi- 
agonal pair . Indeed, the original motivation for our work came from the 
study of tridiagonal pairs ( JOl; |^) and the closely related Leonard pairs 
(im, d, Cni, 1201, HD, I12]> ESI)- a Leonard pair is a pair of semisimple 
linear transformations on a finite-dimensional vector space, each of which 
acts tridiagonally on an eigenbasis for the other |23l Defn. 1.1]. There is 
a close connection between Leonard pairs and the orthogonal polynomials 
that make up the terminating branch of the Askey scheme (dl, HOj, [231 
Appendix A]). A tridiagonal pair is a mild generalization of a Leonard pair 
[Tin Defn. 1.1]. See 0, [H for related topics. 
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2 Preliminaries 

In this section, we present some background material on irreducible modules 
for Uq{5l2) and U-^. Towards this purpose, we adopt the following conven- 
tions. Assume y is a nonzero finite-dimensional vector space over F. Let d 
denote a nonnegative integer. By a decomposition of V of diameter d, we 
mean a sequence Uq,Ui, . . . ,U(i of nonzero subspaces of V such that 

V = Uo®Ui®---®Ud. 

Note we do not assume that the spaces Uq,Ui, . . . ,Ud have dimension 1. For 
notational convenience we set U-i := and Ud+i ■= 0. 

Lemma 2.1 ^ Prop. 3.2] Let V denote a finite- dimensional irreducible 
Uq{5l2) -module. Then there exist scalars eQ,£i in {1,-1} and a decomposi- 
tion Uq, . . . ,Ud ofV such that 

{Ko-eoq^'-'^I)U, = and (Ki - eiq'^'^' I)Ui = (2.2) 

hold for all i = 0,1, ... ,d. The sequence £o,£i; Uq, . . . ,Ud is unique. More- 
over, for < i < d we have 

etUi C U+i, e^U, C Ui+i, (2.3) 
e^Ui C efU, C Ui-i. (2.4) 

Remark 2.5 If F has characteristic 2, then in Lemma l2. II we view {1,-1} 
as having a single element. 

Definition 2.6 The ordered pair (eo,£i) in Lemma 12.11 is the type of V 
and d is the diameter of V. The sequence Uq, . . ., Ud is the weight space 
decomposition of V (relative to Kq and Ki). 

Lemma 2.7 1, Prop. 3.3] For any choice of scalars £o,£i from {1,-1}, 
there exists an ¥-algebra automorphism of Uq{5l2) such that 

/or zG {0,1}. 

Remark 2.8 Given a finite-dimensional irreducible C/g(s(2)-module, we can 
alter its type to any other type by applying an automorphism as in Lemma 
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The next lemma is reminiscent of Lemma |2. II 

Lemma 2.9 Let V he a finite- dimensional irreducible U-^ -module. Then 
there exist a nonzero a € F and a decomposition Uq, . . . ,Ud ofV such that 

{K -aq^'-^I)Ui = {0<i<d). (2.10) 

The sequence a;Uo, . . . ,Ud is unique. Moreover 



RUi c 
LUi C 

Proof: For G F, let y(^) = {v ^ V 
find that 



(0 < « < d), (2.11) 

(0 < i < d). (2.12) 

= 9v}. Using ((Unj), (trni) we 

LV^O) c ^(9-'^). (2.13) 



Since F is algebraically closed, K has an eigenvalue in F, so V^^^ ^ for some 
€ F. Observe 0^0 since K is invertible on V . The scalars 0, . . . 

are mutually distinct since q is not a root of unity, and not all of them can 
be eigenvalues oi K onV . Consequently, there is a nonzero C G F such that 
y(^) ^ and V^'i'^^^ = 0. There exists an integer d > such that y('?2'C) ig 
nonzero for Q <i < d and zero for i = d + \. Set Ui = V^'^ for < i < d 
and define f7_i = 0, Ud+i = 0. Note that 

{K -q^Xl)Ui = Q {0<i<d). (2.14) 

Line H2.1U() is an easy consequence of ()2.14|) by taking a := Cq'^. Observe 
that a / 0. Equations (|2.11|) and (|2.12j) follow from (|2.13j) . We claim 
Uo,...,Ud is a decomposition of From the construction, each of the 
spaces Uq, . . . , C/^ is nonzero. Lines H2.10() - (|2.12() imply ^^=q Ui is invariant 
under R,L,K^^. Since Yli=o^i nonzero and V is an irreducible U-^- 
module, it must be that V = Yli=o "^^^ sum is direct, since Uq, . . . ,Ud 
are eigenspaces for K corresponding to distinct eigenvalues. Therefore, 
f/oi • • • ) f^d is a decomposition of V . It is clear that the sequence a;Uo, . . . ,Ud 
is unique. □ 

Definition 2.15 In Lemma 12.91 a is said to be the type and d the diame- 
ter of V. The sequence Uq, . . . ,Ud is the weight space decomposition of V 
(relative to K). 
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Lemma 2.16 For each nonzero a G F, there exists an ¥-algebra automor- 
phism of U-^ such that 

K ->aK, R, L. 

Proof: This is immediate from Definition 11.101 □ 

Remark 2.17 Given a finite-dimensional irreducible [/-''-module, we can 
change its type to any other type by applying an automorphism from Lemma 

3 An outline of the proof for Theorem 11.161 

Our proof of Theorem 11.161 will consume most of the paper from Section 4 
to Section 11. Here we sketch an overview of the argument. 

Let V denote a finite-dimensional irreducible [/-'^-module of type a. For 
any choice of £0,^1 from {1, —1}, we begin the construction of the Uq{5l2)- 
action on V by requiring that the operators e^ — i?, ef —L, K^^ — eoa"^^ K^^ , 
irf ^ - eia=^^i^=Fi vanish on V. This gives the actions of the elements 
Cq , ef , K^^ , K^^ on V. We define the actions of Bq ,e]~ on V as follows. 
First we prove that K + R and + L act semisimply on V. Then we 
show that the set of distinct eigenvalues of K + R (resp. + L) on V 

is {aq^^~'^ \ < i < d} (resp. {a^^q'^^^^ [ < i < d}), where d is the 
diameter of V. For < i < d, we let Vi (resp. V^) denote the eigenspace of 
K + R (resp. of + L)onV associated with the eigenvalue aq^'^~'^ (resp. 
(y~^qd~2ty Then Vq, . . . ,Vd (resp. Vq, . . . , V^*) is a decomposition of V. To 
motivate what comes next, we mention that the weight space decomposition 
Uq, . . . ,Ud of V satisfies 

Ui = {Vo* + --- + V*) n{V, + --- + Vd) {0<i< d). 

For < i < d, we define 

W^ = {Vo* + --- + V*)n{Vo + --- + Vd-i), 

w* = (!/;_, + . •• + y;)n(v- + --- + y,). 

We argue that both Wq, . . . , Wd and Wq, . . . , are decompositions of V . 
Therefore, there exist linear transformations B : V ^ V (resp. B* : V ^ V) 
such that for < z < d, Wi (resp. W*) is an eigenspace for B (resp. B*) with 
eigenvalue (j-ggp, q'^~'^'^). We let Bq (resp. ej~) act on V as a~^I—K~^B 
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times eoq'^{q — q^^)^'^ (resp. al—KB* imies eiq^'^{q — q^'^)^'^). We display 
some relations that are satisfied hy B, B* , and the generators of U-^. Using 
these relations, we argue that the above actions of e^, ef, K^^, K^^ satisfy 
the defining relations for Uq{5l2)- In this way, we obtain the required action 
of Ug{5l2) on V. 

4 The elements A and A* 

As we proceed with our investigation of U-^, we find it convenient to work 
with the elements K + R and + L instead R and L. Hence we are led 
to the following definition. 

Definition 4.1 Let A and A* denote the following elements of U-^: 

A = K + R, A* = K-^ + L. (4.2) 

We observe A,A*,K^^ form a generating set for U-^. 
Lemma 4.3 The following relations hold in U-^: 

qK-^A- q-^AK-^ 
q - q-^ 
qKA* - q-^A*K 
q - g-i 

Proof: To verify (|4.4|) . substitute A = K + R and simplify the result using 
(|1.12() . Relation (|4.5() can be verified similarly using ()1.13|) . □ 

Remark 4.6 Each of the equations (|4.4)) and (|4.5)) is essentially an instance 
of the g-Weyl relation, which is the defining relation of the g-Weyl algebra 
(see in], for example). A presentation of Uq{s[2) which involves the g-Weyl 
relations and the g-Serre relations can be found in \12\ . 

Lemma 4.7 The elements A, A* in Definition \4. 1\ satisfy these relations: 

A^A* - [3]A'^A*A + [3]AA*A^ - A*A^ = 0, (4.8) 
A*'^A - [3]A*^AA* + [3]A*AA*^ - AA*^ = 0. (4.9) 

Proof: To verify substitute A = K+R and A* = K'^+L, and simphfy 
the result using H1.12() - ()1.14() . Line (|4.9() can be checked in the same way. 

□ 
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(4.4) 
(4.5) 



Lemma 4.10 Let V he a finite- dimensional irreducible U - -module with 
type a and weight space decomposition Uq, . . . ,Ud- Then for < i < d we 
have 

{A-aq^'~''l)U, C (4.11) 
{A* -a-\''-^n)U, ^ U,-i- (4.12) 

Proof: Relation (|I?TT|) follows directly from (fTTU)) . dUTTI), and the fact that 
A = K+R. Line (111^ is a consequence of (|TTn|) . (ITT^ . and A* = i^-^+L. 
□ 

Lemma 4.13 Let V denote a finite- dimensional irreducible U-^ -module of 
type a and diameter d. Then the elements A and A* in Definition \41\ act 
semisimply on V . The set of distinct eigenvalues for A on V is {ag^*~'^ | < 
i < d}. The set of distinct eigenvalues for A* on V is {a~^q'^~'^^ | < i < d}. 

Proof: It is apparent from H4.11() that the product rif=o(^ ~ aq^'^~'^L) van- 
ishes on V . Since the scalars acp'^~'^ {0 ^ i ^ d) are mutually distinct, we 
find A is semisimple on V. It is clear from (|4.1ip that the complete set 
of distinct eigenvalues of A on V is {ag^*"'^ \ < i < d}. Our assertions 
concerning A* follow similarly. □ 



5 The eigenspace decompositions for A and A* 

Definition 5.1 Assume ^ is a finite-dimensional irreducible [/-'^-module. 
Referring to Lemma [4.131 we let Vi (resp. V*) denote the eigenspace of A 
(resp. A*) on V corresponding to the eigenvalue aq^^~'^ (resp. a~^g'^~^*) 
for < i < d. Then Vq, . . . , and Vq . . are each decompositions of 
V. 

Lemma 5.2 Let V denote a finite- dimensional irreducible U-^ -module with 
weight space decomposition Uq, . . . , Ud- Suppose Vq, ■ ■ ■ ,Vd and Vq , ■ ■ ■ 
are the decompositions in Definition \5.1l Then for < i < d we have 

(i) U^ + --- + Ud = Vi + --- + Vd, 

(ii) Uo + --- + Ui = VQ* + --- + V*, 

(iii) u^ = {Vo* + --- + V*) n (V- + • ■ • + Frf). 
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Proof: (i) Set Xi = Uj and = Yfj=^ Vj- We show Xi = X[. Assume 
a is the type of F, and let Ti := nj=i(^ - aq^^~'^I)- Then X,' = {z; e F | 
Tit; = 0}, and TiXi = by (ICTT) so Xi C X^. Now let Si := 115=0 " 
aq^^-'^I). Observe that 5^^ = X[, and SiV C by (imi) so C Xi. We 
conclude that Xj = X[ holds as required. 

(ii) Mimic the proof of (i). 

(iii) Combine parts (i) and (ii) above. □ 

Lemma 5.3 Let V he a finite- dimensional irreducible U-^ -module of type a 
and diameter d. Assume Vq, . . . , cind Vq , . . . , are the decompositions 
in Definition \5.1\ Then for < i < d we have 

(i) (A'-i - a-^q''~^'m ^ Vi+i, 

(ii) {K - aq^'-'^m ^ Vi+i + • • • + Vd, 

(iii) {K - aq^'-'^I)V* C V*_-^, 

(iv) (ET^i - a'^q^-'^'I)V* C y^* + • • • + V*_^. 

Proof: (i) Recall that for < i < d, Vi is an eigenspace for A with corre- 
sponding eigenvalue aq^^"'^. Therefore it suffices to show that 

{A - aq^'+^-'^I){K-^ - a~^q'^-^'I) (5.4) 
vanishes on Vi for < i < d. Since A — aq^^~'^I vanishes on Vi, so does 

{K~^ - a-\'^-^'-^I){A - aq^'-'^I). (5.5) 

Using (|4.4j) we see that 

qR-^A - q-^AR-^ -{q- q'^)! (5.6) 

is on T^. Subtracting ()5.5() from q^^ times ()5.6|) we find that 1)5.4(1 vanishes 
on Vi. Hence {R-^ - a'^ q'^''^' I)Vi C Vi+i for < i < d. 

Part (ii) follows from (i) above, while (iii) can be obtained by an ar- 
gument similar to the proof of (i). Finally, (iv) is a consequence of (iii). 
□ 

Lemma 5.7 Let V be a finite- dimensional irreducible U-^ -module. Let the 
decompositions Vq, . . . , and V^*, . . . , V^* he as in Definition \5.1\ Then for 
< i < d we have 
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(i) A*V,'ZVi.i + Vi + Vi+i, 

(ii) Avc'zvu + vc + v.x^. 

Proof: (i) Let a denote the type of V . Recall that for < i < d, Vi is 
the eigenspace for A corresponding to the eigenvalue ag^*~'^. Therefore it 
suffices to show 

[a - aq'^'-^^'^I^ (^A - aq^'^'^I^ (^A - aq'^'+^-'^I^ A*Vi = 

for < i < d. For v £ Vi we have 

= {A^A* - [3]A^A*A + [3]AA*A'^ - A*A^) v (by 
'a^A* - [3]A^A*aq'^'-'^ + [3]^^*a2g4i-2rf _ A*a3^6»-3d^ 

A - aq^'-^-H) { A - aq^'-^l] { A - aq^'+^-^l] A*v, 



which gives the desired result. 

(ii) This can be argued analogously. □ 



6 Yet two more decompositions 

Definition 6.1 Let V denote a finite-dimensional irreducible [/-'^-module. 
Assume Vq , . . . , and Vq* , . . . , are the decompositions from Definition 
15.11 For < « < (i, we define 

= {V^ + --- + V*)r){V^ + --- + Vd-i), (6.2) 

w* = (y;_^ + ... + v7)n(v- + --- + y,). (6.3) 

Our next goal is to show that the spaces Wq, . . . , and VFq , . . . , 
in Definition 16.11 afford decompositions of V . Towards this purpose, the 
following definition will be useful. 

Definition 6.4 Let be a finite-dimensional irreducible [/-''-module. As- 
sume Vo, . . . ,Vd and Vq*, . . . , are the decompositions in Definition 15.11 
Set 

W{^.3)={jZyh']^{jZ'^i^ (6.5) 

for all integers We interpret the left sum in 1)6. 5(1 to be (resp. V) if 
2 < (resp. i > d). Likewise the right sum in 1)6. 5(1 is interpreted to be 
(resp. V) if J < (resp. j > d). 
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Example 6.6 With reference to Definition \6.4[ the following hold. 

(1) Wii,d) = Vq* + V{ + --- + V* iO<i< d). 

(2) W{d,j) = Vo + Vi + --- + Vj (0 < j < d). 

Proof: To obtain (1), set j = d in H6.5|l and recall that Ylk=o^><^ ~ 

(2), use i = d and X^Lo ° 

Lemma 6.7 Let V denote a finite- dimensional irreducible U-^ -module with 
type a and diameter d. Then for the spaces W{i,j) in Definition \6.4[ we 
have 

(i) {A - aq'^^-'^I)W{i,j) C W{i + 1), 

(ii) {A* - a-^q'^-^'I)W{i,j) C W{i + 1), 

(iii) {K-^ - a-\'^~^'I)W{iJ) C W{i + 1), 

(iv) {K - aq^'-''l)W{i,j) C ^^^^ W{i -h,j + h), 
for < i,j < d. 

Proof: (i) Using Lemma 15.71 (ii) , we find that 

i i+l 

(A-ag2i-^/)5]y,*C J^y,*. (6.8) 

h=0 h=0 

Because each is an eigenspace for A with eigenvalue aq'^^~'^, we have 

j J— 1 

[a - aq^^-^l) Y.^k = Y. ^fc- (6-9) 

fc=0 fc=0 

Evaluating {A — aq^^~'^I)W{i, j) using H6.5|) - H6.9|) . we see that it is contained 
in W{i + l,j - 1). 

(ii) This part can be demonstrated using the relations 

i i—1 

{a* - a-\'''^n)Y,v;: = Y^vi:, (e.io) 

h=0 h=0 

j i+l 

[A*-a-\^-'''l)Y.Vk C (6.11) 

k=0 k=0 
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in conjunction with H6.5() . 

(iii) From Lemma 15.31 (iv) and Lemma 15.31 (i) , we find that 



(^K-'-a-U'~''l)Y.^i: ^ E^^*' (6.12) 

h=0 h=0 

[K-'-a-V-''l)j2^k C Xi^fc- (6.13) 

k=0 k=0 

Evaluating {K'^ - a-^q'^-^U)W{i, j) using JHISl), lIHT^ . and we see 

that it is contained in W{i — l,j + 1). 

(iv) This assertion follows from (iii). □ 

Lemma 6.14 For the spaces W{i,j) in Definition \6.4[ 

W{i,j)=0 if i + j<d, iO<i,j<d). (6.15) 

Proof: Lemma l6 . 71 implies that for < r < d the sum 

W := W{0, r) + W{1, r - 1) + • • • + W{r, 0) (6.16) 

is invariant under A, A*, and K^^. Since A, A* , K^^ is a generating set for 
U-^, we find that is a C/-*^-submodule of V. Because V is an irreducible 
[/>0-niodule, we have W = or W = V. By (|6.5|) . each term in (|6.16)) is 
contained in 

Vo + Vi + --- + Vr, (6.17) 

so W is contained in ()6.17|) . The containment of in 1/ is proper since 
r <d. Thus = and (l6T5|l follows. □ 

Lemma 6.18 Let V denote a finite- dimensional irreducible U-^ -module. 
Then the sequence Wq, . . . , Wd from Definition \6.1\ is a decomposition of V. 

Proof: First we argue that Yli=o^'i- ~ Comparing ()6.2|) and 1)6. 5() . we 
find that Wi = W{i, d—i) ior < i < d; by this and Lemma l6?7| we have that 
Yli=QWi is invariant under A,A*,K^'^. Because A,A*,K^^ generate ?7-°, 
Yli=o ™ust be or V. Observe that Yli=o contains Wq = Vq ^ 0, so 
Si=o ~ ^ ■ show that the sum X]j=o ^« direct, we prove that 

(Wo + TVi + • • • + Ty^-i) n TVi = 

for \ <i <d. From the construction, 

Wj C Fq* + + . . . + v*_^ 
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for < j < i — 1, and 

Wi<ZVo + Vi + --- + Vd-i. 

Therefore 

{Wo + Wi + --- + w^.i)r\Wi 

c (Fo* + ^1* + • • • + VU) n (Vb + Vi + • • • + Vd-i) 

= W{i-l,d-i) 
= 0, 

in view of Lemma 16.141 We have now shown that the sum X^f^g ^« 
direct. Next we argue that Wj / for < i < d. We have Wq = Vq Q 
and Wd = Vq 7^ 0. Suppose there exists an integer i {1 < i < d — 1) 
such that Wi = 0. By Lemma 16.71 the sum X^^^q ^« ^ [/-''-submodule 
of V since it is invariant under each of A,A*,K^^. Therefore Yl^h^o^i — 
or El=o^i = But El=o^i / since i > 1 and Wq ^ 0; and 
S/i=o ^ since z — 1 < d and Wd 7^ 0. We have reached a contradiction. 
Consequently, 7^ for < « < d. Thus, the sequence Wq, . . . , Wd is a 
decomposition of V. □ 

Lemma 6.19 Let V denote a finite- dimensional irreducible U-^ -module. 
Then the sequence Wq, . . . , W^ from Definition \6.1\ is a decomposition ofV. 

Proof: Imitate the proof of Lemma 16.181 □ 



We record a few helpful facts for later use. 

Lemma 6.20 Assume V is a finite- dimensional irreducible U-^ -module of 
type a and diameter d. Then for the decomposition Wq, . . . , Wd in Definition 
16. il the following hold for < i < d. 

(i) {A-aq'^-^'I)Wi C Wi+i. 

(ii) {A* - a-^q'^-'^'I)Wi C Wi-i. 

(iii) {R-^ - a-\'^-^'I)Wi C Wi-i. 

(iv) {K - aq^'-^I)Wi CWo + --- + Wi^i. 

Proof: Set j = d — i and W{i, d — i) = Wi in Lemma 16.71 □ 
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Lemma 6.21 Let V denote a finite- dimensional irreducible U - -module of 
type a and diameter d. Then for the decomposition Wq, . . . , in Defini- 
tion \6.iy the following hold for < i < d. 

(i) {A - aq^^-'^I)W* C W*^^. 

(ii) {A* - a-^q^'-'^I)W* C W*_^. 

(iii) {K - aq^^-'^I)W* C W*^^. 

(iv) {K-^ - a-^q'^~^'I)W* C W*^^ + + 

Lemma 6.22 Assume V is a finite- dimensional irreducible U-^ -module. 
Let the decompositions Vq, . . . ,Vd and Vq , . . . be as in Definition \5.1l 
Let the decompositions Wq, . . . , Wd and Wq, . . . , be as in Definition \6.1\ 
Then the following hold for < i < d. 

(i) W^ + ■■■ + Wd = Vo + ■■■ + Vd-i. 

(ii) Wo + --- + Wi = Vo* + ■■■ + ¥*. 

(iii) W* + --- + W^ = V^ + --- + Vd. 

(iv) W,* + --- + W* = V,*_^ + --- + V,*. 

Proof: (i) Set Xi := E?=i and = Ej=o^j- We show X, = X^. Let 
a denote the type of V and set Ti := lYjZiiA - aq^'j-'^I). Then X[ = G 
V \TiV = Q}, and TiXi = by Lemma E^Hl (i) , so Xi C X[. Now let 
5, := WUd-i+M - aq^^^'^I)- Observe that SiV = X[, and S^V C Xi by 
Lemma Rj. 201 (i), so X[ C Xi. We conclude Xj = X[ and the result follows. 
(ii)-(iv) These equations can be verified in a similar fashion. □ 



7 The linear transformations B and 5* 

Definition 7.1 Assume V \s a, finite-dimensional irreducible [/-'^-module. 
Let the decompositions Wq, . . . , Wd and Wq, . . . , be as in Definition 16. 11 

1. Let B : V ^ V denote the linear transformation such that for < i < 
d, Wi is an eigenspace of B with eigenvalue q^^~'^. 

2. Let B* : V ^ V denote the linear transformation such that for < 
i < d, Wi is an eigenspace of B* with eigenvalue q'^~^^. 
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Next we show that A, A* , B, B* satisfy g-Weyl relations. 

Lemma 7.2 Assume V is a finite- dimensional irreducible U-^ -module of 
type a. For A, A* from Definition \4.1\ and B,B* from Definition \7.1[ 

: a-^I, (7.4) 

: a-^I, (7.5) 

: al. (7.6) 

Proof: Let the decomposition Wq, . . . , be as in Lemma 16.181 To prove 
((731), we show that qAB - q'^BA - a{q - q~^)I is on Wj for < i < d. 
Since B — vanishes on Wi by Definition 17. If i). so does 

{A-aq'^-^'-^I){B -q^'-'^I). (7.7) 

By Lemma ESHKi), 

{B -q^^+^-'^I){A-aq'^-'^'I) (7.8) 

vanishes on Wi. Subtracting g"-*^ times 1)7. 8|) from q times ()7.7() we find that 
qAB - q-^BA - a{q - q~^)I is on Wi. Relation ([7!3]) follows. Lines (f7!H) - 
H7.6|) can be proved in a similar manner. □ 







qBA* - 


- q-^A*B 


q - 




qA*B* - 


q-^B*A* 


q - 


q-' 


qB*A- 


- q-^AB* 


q - 





8 The action of B and B* on the decompositions 

In this section we describe how the maps B, B* act on our five decomposi- 
tions. 

Lemma 8.1 Let V denote a finite- dimensional irreducible U-^ -module with 
weight space decomposition Uq, . . . , Ud- Assume that the decompositions 
Vq, . . . ,Vd and Vq*, . . . , V^* are as in Definition \5.1\ Let the decompositions 
Wq, . . . , Wd and Wq*, . . . , be as in Definition \6.1\ Assume B, B* are as 
in Definition \7.1\ Then the following hold for < i < d. 

(i) {B - q'^-'^'I)Vi C V,-i and {B - q^'''^I)V* C V*_^. 
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(ii) {B* - q'^-^'I)Vi C Vi+i and {B* - q^'-'^I)V* C V*_^^. 
(hi) {B - q^'-'il)U, C U^-l. 
(iv) {B* -q'^-^'l)Ui C Ui+i. 

(v) BW*CW*_, + W* + W*^,. 

(vi) CPF,„i + VF, + iy,+i. 

Proof: (i), (ii) Let a denote the type of V. RecaU that for < i < d, Vi is 
the eigenspace for A with eigenvalue aq^^~'^. To obtain the first half of (i) 
it is sufficient to show that 

{A - aq^'-^-'^I) {B - q'^'^'I) (8.2) 
vanishes on Vi for < i < d. Since A — aq^'^~'^I vanishes on 1^, so does 

{B -q'^-'^'+'^I){A-aq^'-'^I). (8.3) 
Equation ()7.3() implies that 

qAB-q-^BA-a{q-q-^)I (8.4) 

is on Fj. Adding ()8.3() to q times ()8.4p . we find that (|8.2|1 vanishes on V^. 
Consequently, [B - q'^-'^U)Vi C Vi-i for < i < d. 

The second half of (i) and the relations in (ii) can be established similarly. 

(iii) We have 

{B -q^^-'^I)U^ C {B -q'^^-^I){UQ + --- + Ui) 

= {B-q^'-'^I){VQ* + --- + V*) (by Lemma EHh)) 

C V"o* + ■ ■ • + ^2-1 (by Lemma Elti)) 

= Uo-\ h Ui-i (by Lemma E2tii)), 

and also 

{B - q^'-''l)Ui C {B-q^'"'l){U, + --- + Ud) 

= {B-q^'-'^I){Vi + --- + Vd) (by Lemma EHi)) 

^ Vi-i + --- + Vd (by Lemma EHi)) 

= Ui-i + --- + Ud (by Lemma E^i) ) • 

Combining these observations we find {B — q'^^~'^I)Ui C Ui-i. 

(iv) To obtain this part, imitate the argument for (iii). 
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(v) We have 

BW* C B{W$ + + W*) 

= B{V^^. + --- + V^) (by Lemma EilHiv)) 

^ ^d-i-i + • • • + (by Lemma Eti)) 

= + • • • + ^+1 (by Lemma KTIX iv) ) , 

and also 

BW* C 5(Wi* + • • • + WJ) 

= B{Vi + --- + Vd) (by Lemma ESliii)) 

Q Vi-i + --- + Vd (by Lemma EHi)) 

= Wi*_ 1 + • • • + (by Lemma ES^iii) ) • 

Together these relations imply BW* C W*_^ + W* + VF/^^. 

(vi) This argument is identical to (v). □ 



9 Some relations involving B, B*, K^^ 

In this section we show B,B*,K^^ satisfy g-Weyl relations. 

Lemma 9.1 Let V be a finite- dimensional irreducible U-^ -module of type 
a. Assume B,B* are as in Definition \7.1\ Then both 

qBK-^ - q^^K-^B , , , 

^ ^— = a-'l, 9.2 

q-q 1 

qB*K - q-^KB* 



q-q 1 



al. (9.3) 



Proof: Let Uq, . . . ,U(i denote the weight space decomposition for V. Recall 
that for < i < d, Ui is an eigenspace for K with eigenvalue aq^^~'^. To 
obtain 1)9. 2() . we show qBK~^ — q~^K~^B — a^^{q — q~^)I vanishes on Ui 
for < z < d. Observe that K^^ — a^^q'^^'^'^I vanishes on Ui so 

{B - q^'-'^'^I) {K-^ - a^^q'^-'^'I) (9.4) 

is on Ui. Prom Lemma l8.ll (iii) we see that {B — q^'^^'^I)Ui C Ui-i. 
Therefore 

{K-^ - a-^q'^-^'+^I){B - q^'-'^I) (9.5) 

vanishes on Ui. Subtracting g~^times ()9.5() from q times 1)9. 4|) we find 
qBK^^ - q^^K~^B - a~^{q - q~^)I vanishes on Ui. Equation fol- 
lows, and relation 1)9. 3() is proved similarly. □ 
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10 The g-Serre relations 



Next we show that the elements B, B* from Definition [73 satisfy the q-Serre 
relations. 

Theorem 10.1 Let V be a finite-dimensional irreducible U-^ -module. Then 
the transformations B,B* in Definition \7.1\ satisfy the relations 

B^B* - [3]B'^B*B + [3]BB*B'^ - B*B^ = 0, (10.2) 
B*^B - [3]B*^BB* + [3]B*BB*^ - BB*^ = 0. (10.3) 

Proof: Let the decomposition Wq, . . . ,Wd be as in Definition 16.11 Recall 
that for < i < d, VFj is an eigenspace for B with eigenvalue In order 

to prove (|Tin|) we show that the transformation ^ := B^B* - [3]B'^B*B + 
[3]BB*B'^ - B*B^ is on VFj for < i < d. Let i be given and pick v € Wi. 
Observe that B*v G Wi-i + Wi + Wi+i by Lemma IHlT vil . Next note that 
{B - g2^-2-rf/)VFi_i = 0, (5 - q^'-'^I)Wi = 0, and [B - q^'+'^-'^I)Wi+i = 0. 
By these comments 

{B - q^'-'^-'^I){B - q^'-'^I){B - q'^'+^-'^I)B*v = 0. 

Therefore, 

^"y = {B^B* - [3]B'^B*B + [3]BB*B'^ - B*B^)v 

= {B^B* - [3]B^B*q'^'~'^ + [3]BB*q'^'-^'^ - B*q^'-^'^)v 
= [B- q^'-^-'^l) {B - q^'-^l) {B - q^'+^-'^l) B*v 
= 0. 

We have now shown ^Wi = for < i < d. Consequently ^ = and p().2j) 
follows. Line ()10.3p can be proved similarly. □ 



11 The proof of Theorem 11.161 

This section is devoted to a proof of Theorem II. 161 

Definition 11.1 Let V be a finite- dimensional irreducible U-^ -module of 
type a. Using the transformations B,B* in Definition \ 7.1\ we introduce 
linear transformations r -.V —*V and I :¥ —>V as follows: 

al - KB* 

T = 

ail - 9~^)^' 

^ _ a'^I-K-^B 
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Lemma 11.2 With reference to Definition Ml.lV we have 

B = a-^K -q{q-q-^fKl, 
B* = aK-^ - q{q - q-^ fK~^r. 



Theorem 11.3 Let V denote a finite- dimensional irreducible U- -module 

of type a. Then the generators R,L,K^^ of U-^, together with r,l from 
Definition Ml.lV satisfy the following relations on V : 

KK-^ = R-^K = 1, (11.4) 

KRR-^ = q^R, KLR-^ = q-^L, (11.5) 

KrR-'^ = q^r, RIR'^ = q^'^l, (11.6) 

a-^R-aR''^ , , aR-'^-a-'^R 

rL-Lr = , IR-Rl = , (11.7) 

q-q ^ q-q ^ 

IL = LI, rR = Rr, (11.8) 

= R^L - [3]R^LR + [3]RLR^ - LR^, (11.9) 

= L^R - [3]L^RL + [3]LRL^ - RL^. (11.10) 

= r^/ - [3]r2/r + [3]Wr2 - /r^ (11.11) 

= /V - [3]/V/ + [i\lrl^ - rl^. (11-12) 



Proof: The relations in H11.4() . H11.5() are defining relations ()1.11() ~ H1.13|) 
of [/^°. To obtain TTTJ^ . evaluate each of (jllll), 

using Lemma 111.21 

For (PT7|) . (flTH)) . use Definition KU Lemma [TO and equations ((TT3)) 
and (fTTlT|) to evaluate Lines ^TU^ . (|ll.l()j) are just defining 

relations (|1.14() . (jLlSf) respectively. Finally, to demonstrate 1)11.111) and 
(|11.12j) . substitute the expressions in Lemma 111.21 into (|1().2|) , ()1().3)) , and 
apply relations H11.5() . 1)11.6(1 . □ 

Theorem 11.13 Let V be a finite- dimensional irreducible U-^ -module of 
type a. Assume the maps r,l are as in Definition Ml.ll and let Eq^Ei denote 
scalars in {1, —1}. Then V supports an irreducible Uq{si2) -module structure 
of type (eojEi) for which the Chevalley generators act as follows: 



generator 


Cq e^ 


Cq Ro 


Ki 






action on V 


R L 


EqI Sir equ'^R 


eiaR~^ 


EquR ^ 


Eia ^R 



Proof: To see that the above action on V determines a C/g(sl2)-module, 
compare equations ()11.4jl - ()11.12j) with the defining relations for C/g(sl2) in 
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Definition ll.2l The ?7q(sl2)-niodule V is irreducible, since V is an irreducible 
[/-'^-module. It is straightforward to check that V has type {eo,£i). □ 

Proof of Theorem II. 161 The "existence" part is immediate from Theorem 
111.131 Concerning the "uniqueness" assertion, we assume there exists a 
t^(j(s[2)-iiiodule structure on V such that the transformations Cq —R, ef — L, 
K^^ — Eoa^^ K^^ , and K^^ — eia^^K^^ vanish on V. Observe that e^, ef, 
K^^, Kf'^ act on V according to the table of Theorem 111.131 We show 
the remaining Chevalley generators , ej~ must act on V according to that 
table also. 

First note that the given C/g(5[2)-module structure is irreducible, since 
-R, -L, K^^ is a generating set for U-^ and V is irreducible as a [/-'^-module. 
Next observe that Kq acts on V as Equ'^K. Comparing (|2.2|1 and (|2.10|) . 
we find that the weight space decomposition of the fZ-'^-module V relative 
to K coincides with the weight space decomposition of the C/q(s[2)-module 

V relative to Kq, Ki. Let Uo,...,Ud denote this (common) weight space 
decomposition. Assume l,r are as in Definition 111.11 To show Cq acts on 

V as £0^5 we set W = {v e V \ (cq — £ol)v = 0}, and argue that W = V . 
For this, it suffices to prove that W ^ 0, and W is invariant under the 
operators R,L,K^^. Using the right-hand equation in pi.(i)) . we find that 
lUi C Ui-i for <i < d. In particular, IUq = 0. Also e^Uo = by ((TH) 
so Cq — EqI vanishes on Uq. Therefore Uq C W, so W 0. By (|1.7|) (with 
i = 0), the second relation in H11.7() . and the fact that both Cq — R and 
Kq — eQa~^K vanish on V, we deduce that the commutator [eg — £qI,R] 
vanishes on V. This implies RW C W. By ()1.8() we have [cg ,e^] = 0. 
Therefore, the first equation in (|11.8|) . combined with the fact that — L 
vanishes on V implies that [cq — eo^-^^] vanishes on V. Using this, we 
find that LW C W. Observe Kqc^ = q-'^CqKq by and Kq - equ-'^K 
vanishes on V, so Ke^ —q^^CqK is on V. Combining this with the second 
equation in 1)11. 6() we determine that K{eQ — EqI) and (/"^(cq — eQl)K agree 
on V. Thus, KW C W and then K~^W C W. We have now shown that 
W ^ and W is invariant under each of R,L, K^^. Therefore W = V since 

V is irreducible as a [/-'^-module. We conclude {e^ —SqI)V = so acts on 

V as £0^- By a similar argument we find acts on V as eir. Consequently, 
eQ,ej~ must act on V according to the table of Theorem 111.131 Hence, 
the given [/g(s[2)-module structure is unique. We already showed that this 
f^(?(-s[2)-iiiodule structure is irreducible and it clearly has type {eQ,£i). 

□ 
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12 The proof of Theorem fTm 

This section is devoted to a proof of Theorem 11.171 We begin with a few 
comments about the quantum algebra Uq{5l2) and its modules. 

Definition 12.1 |fl?l p. 122] The quantum algebra Uq{5l2) is the unital 
associative F-algebra with generators e^, k^^ which satisfy the following 
relations: 

kk — k k — 1^ 
ke^k-^ = q^^e^, 



Lemma 12.2 jl3l p. 128] If y is a finite-dimensional irreducible Uq{5l2)- 
module, then there exist e € {1,-1} and a basis vq,vi, . . . ,Vd for V such 
that kvi = eq'^^~'^Vi for < i < d, e+Uj = [i + l]fj+i for < -i < d — 1, 
e^Vd = 0, e~Vi = e[d — i + l]vi^i for 1 < i < d, and e^VQ = 0. 

The proof of the next lemma is straightforward. 

Lemma 12.3 Let V denote a finite- dimensional irreducible Uq{5l2) -module. 
Then for i G {0, 1}, there exists a unique Uq{5l2) -module structure on V such 
that — and k^^ — Kf'^ vanish on V . 

In our proof of Theorem 1 1.17( we will use the following facts concerning 
[/g(s[2)-modules. 

Lemma 12.4 Let V he a finite- dimensional irreducible Uq{5l2) -module, and 
let Uq, . . . ,Ud denote the corresponding weight space decomposition relative 
to Kq, Ki. Then the following hold for < j < d/2. 

(i) The restriction of (cq')'^"^-' to Uj is an isomorphism of vector spaces 
from Uj to Ud~j- 

(ii) For all v G Uj, {e^)'^~'^^^^v = if and only if e^v = 0. 

(iii) The restriction of {ef)'^~'^^ to Ud-j is an isomorphism of vector spaces 
from Ud-j to Uj. 

(iv) For all v G Ud-j, {ef)'^~'^^~^^v = if and only if e'^v = 0. 
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Proof: For (i) and (ii), we view ^ as a C/g(5l2)-niodule via Lemma [l2.c{l fwith 

i = 0). As a C/g(s[2)-module, F is a direct sum of irreducible C/g(5[2)-modules 
(see for example, fT^, p. 144]). Let W denote one of the irreducible C/g(sl2)- 
module summands. Applying Lemma 112.21 to W, we find there exists an 
integer r (0 < r < d/2) such that for < i < d, W D Ui is one-dimensional 

ii r < i < d — r and is zero otherwise. Moreover e^(VF H ?7j) = W H f/i+i 
for r < i < d - r - 1, e^{W n Ud-r) = 0, e^iW nUi) = Wn Ui_i for 
r + l<i<d-r, and {W n Ur) = 0. Results (i), (ii) follow. The 
statements in (iii) and (iv) can be shown in exactly the same way. □ 

Proof of Theorem II . 1 71 Let V hea finite-dimensional irreducible Uq{5l2)- 
module of type {eo,ei). We first prove that the desired [/-'^-module struc- 
ture on V exists. Let R,L,K^^ act on V as Cq , ef, eoct^^K^^ respec- 
tively. Then using the defining relations for Uq{5l2) in Definition 11.21 it 
is easy to see that R,L,K^^ satisfy p.lH) " (|1.15|l . and therefore induce a 
fJ-'^-module structure on V. From the construction, the transformations 

- R,et - L,K^^ - eoa'^^K^^ vanish on V. Since K^^ - eoa^^K^^ 
vanish on V, and since KqKi — eoSiI also vanishes on V by Lemma 12.11 
we find that K^^ — eia K^^ vanish on V. We have now shown the de- 
sired [/-'^-module structure exists, and it is clear this [/-''-module structure 
is unique. Next we show the [/-''-module structure is irreducible. Let W 
denote an irreducible [/-"-submodule of V. Then W is invariant under 
the actions of , ef, K^^, and K^^. We argue that e^W C W and 
ej~VF C W. To demonstrate the first of these assertions, it will be enough 
to show that W = {w W \ CqW (z W} is nonzero and invariant under 
each of R, L, K^^. It follows from ()1.7() (with i = 0) and the fact that 

-R and eo^^^^ - a'^^K^^ are on F that RW C^. Also [eQ,ef] = 
by ()1.8|) and — L vanishes on V, so that LW C W. By (|1.5() we have 
KoCqKq^ = q~'^eQ . By this and since Ko — eoa~^K is on V, we find 
that Kcq — q~^eQ K vanishes on V. Consequently, KW C W, and then 
K-^W C W holds^s weh. 

To verify that W 0, let Uq, . . . ,Ud denote the weight space decompo- 
sition for the [/g(sl2)-module V relative to Kq, Ki. As W is invariant under 
Kq and KqKi acts as eo^i-^ on V, it must be that W = Yli=oi^ ^^i) ■ Since 
W ^ 0, there exists an integer i (0 < i < d) such that W CiUi ^ 0. Define 
r = min{i \ < i < d,W nUi ^ 0} and s = max{i \ < i < d,W nUi 0}. 
We prove that r -\- s = d. Suppose for the moment that r + s < d. As 
r < s, we must have r < d/2. Then for any nonzero v & W D Ur, (ej')'^~^^t' 
is contained in D U^-r which is because d — r > s, so {eQ)'^~'^^v = 0, 
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contradicting Lemma Il2.4r il. Next assume r + s > d. Then since r < s, 
we have s > d/2. For any nonzero v G W fMIg, (ej^)^*^'^t; is contained in 
W n Ud-s = 0, so {ef)'^'^~'^v = 0, which contradicts Lemma [mr iii) . Thus, 
r + s = d must hold, and from r < s, we deduce that r < d/2. Let v denote a 
nonzero vector in n Ur- Observe (e(j')'^^^''+^t> is contained in n Ud-r+ii 
and W n Ud-r+i = 0, so {e^)'^-'^''+'^v = 0. Applying Lemma \TT^ (ii) to 
the C/q(s[2)-module V, we obtain that CqV = 0. Therefore, t; is a nonzero 
element of W. We have now shown W is nonzero and invariant under each 
of the operators R, L, K^^ . Consequently, by the irreducibility of as a 
fJ-'^-module, W = W must hold. Therefore CqW CI W. In just the same 
fashion, e^W C W, so that 1^ is a C/g(sl2)-submodule of V. By construc- 
tion, W ^ so W = V. We conclude that the [/-"-module structure on 
V is irreducible. It is routine to show the [/-''-module structure on V has 
type a. □ 



13 Irreducible [/^ (s [2 )~'^- modules 

In this section we compare the finite-dimensional irreducible [/q(s(2)-modules 
with the finite-dimensional irreducible [/g(s[2)-'^-modules. 

Let y be a finite-dimensional irreducible module for Uq{5l2)-^- The 
central element KqKi must act as some scalar 7 times the identity map 
on V. Arguing as in Lemma 12.91 we see that there exists a nonzero scalar 
a S F and a decomposition Uq, ■ ■ ■ ,Ud of V such that {Kq — aq^^~'^)Ui = 
for < i < d. Then {Ki - 'ya-'^q'^~'^')Ui = for < i < so each of the 
spaces [/q, . . . , [/rf is a common eigenspace for Kq, Ki. Setting (3 = 70?""^, we 
say V has type (a, /3) and diameter d. 

Assume F is a finite-dimensional irreducible [/^(s [2) -''-module of type 
(a,/3). Then V remains irreducible when regarded as a module for the sub- 
algebra of Uq{5l2)-^ generated by K^^, Cq and ef. Thus, V admits the 
structure of an irreducible [/-"-module of type a. By Theorem II. 161 for any 
choice of scalars So,Si from {1,-1}, there exists a unique [/g(s[2)-module 
structure on V such that the operators — R, ef — L, K^^ — eoa"^^ K^^ , 
and K^^ — eia K^^ vanish on V. This [/q(sl2)-niodule structure is irre- 
ducible and of type (eo,ei). When this [/g(sl2)-niodule structure on V is 
then restricted to Uq{5l2)-^, we will recover the original [/g (3(2) -"-structure 
on V, provided a = Eq and j3 = Si. 

Next suppose that y is a finite-dimensional irreducible module for [/g(sl2)- 
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We claim that V remains irreducible as a module for the subalgebra Ug{sl2)-^- 
To see this, let W denote a nonzero C/g(sl2)-'^-submodule of V. We show 
W = V. By its definition, W is invariant under each of Cq ,ef , K^^ , K^^ . 
By Theorem 1 1.1 71 for any nonzero scalar a in F, there is the structure of a 
[/-^-module on V such that the operators —R, ef — L, K^^ — equ^^ K^^ , 
and K^^ — Eia K^^ vanish on V. From this we see that W is invariant 
under each of R,L,K^^, and is therefore a fZ-'^-submodule of V. But the 
[/-'^-module structure on V is irreducible by Theorem II. 171 so W = V and 
our claim is proved. Note that if V has type (eo, ei) as a module for [/q(s[2), 
then V has type {eo,ei) as a module for Ug{5l2)-^- 
Let us summarize these findings in our final result. 

Theorem 13.1 For any scalars £q,£i taken from the set {1,-1} the fol- 
lowing hold. 

(i) Let V be a finite- dimensional irreducible Uq{5l2)-^ -module of type (eq, ei)- 
Then the action of Uq{sl2)-^ on V extends uniquely to an action of 
Uqi^h) on V. The resulting Uq{5i2) -module structure on V is irre- 
ducible and of type {£o,ei). 

(ii) Let V be a finite- dimensional irreducible Uq{sl2) -module of type (eo) ei)- 
When the Uq{5l2) -action is restricted to Uq{5l2)-^, the resulting Uq{5l2)-^- 
module structure on V is irreducible and of type (eo,ei). 
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